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A combined analytical and experimental study of pool film boiling from spheres is reported. 
Analytical solutions for subcooled and saturated boiling are obtained by applying an 
integral method to the two-phase boundary layer around a sphere. Results are compared 
to experimental data obtained in the authors' laboratory for atmospheric boiling in Freon-1 2 
and Freon-22, as well as to published data on water, Freon-11, and liquid nitrogen. 
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Introduction 

Film boiling heat transfer has been studied extensively, but the 
theory is still disputed. Since Bromley, 1 the early theoretical 
work reported was based on applying the boundary layer 
equations to the two-phase boundary layer along a vertical 
surface 2'3 and along a horizontal cylinder, 4 where the equations 
were finally solved numerically. 

However, an analytical solution was obtained for the case 
of natural convection, saturated film boiling on a sphere s by 
simplification of the boundary layer equations and balancing 
of integral momentum and energy. Later, this type of analysis 
was extended to cases involving both linear and quadratic 
velocity and temperature profiles across the vapor film around 
the sphere. 6 Four cases were analyzed and the results compared 
to experimental data. We use a similar analysis here. More 
recently, a numerical solution of an integral method was applied 
to the sphere, among other curved surfaces. 7 

Analytical solutions for film boiling in subcooled liquids 
based on the integral method in a vertical plane only had been 
reported in the Japanese literature. 8 In this analysis we present 
the detailed solution to the sphere case, although the results 
alone had been mentioned earlier. 9 Faced with an abundance 
of reported experimental work, 1° our comparison of the fore- 
mentioned solutions will use selected data on Freon- l l ,  H 
nitrogen, 6 and water, 9 and our recent data on Freon-12 and 
Freon-22, obtained by the quenching method under normal 
atmospheric conditions. 

Theoretical analysis 

Figure 1 shows the physical model and coordinates, with the 
sphere radius, vapor layer thickness and liquid layer thickness 
being R, A, and 6, respectively. Based on the assumptions of 
thin layers in an incompressible fluid and no radiation effects, 
the one-dimensional (l-D) laminar momentum and energy 
boundary layer equations for the buoyancy-induced vapor 
motion are 

guv ~2u v 
pvu~ ~--=g(Pz--P~) sin ~b +/1~ - -  (1) 0y2 Cx 
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PvCpvUv (~Zv k o2Tv 
~ - =  v 0y 2 (2) 

The corresponding equations for the free-convection equations 
for the liquid layer are 

~ul ~2ut 
p~u~ ~x=gfltp~(Tl-- T~o) sin ~+#~ gz~ (3) 

OTl 02T, 
ptCplUl ~XX = kl c~z2 (4) 

To effect an analytical solution, we make the following further 
assumptions. 

(1) Convective terms (on the left side) are neglected, and the 
effects are compensated for by using an effective latent 
heat of vaporization, s or 

h~o = h f9 + 0.5cvv ATsa t (5) 

in a later energy balancing (Equation 17). 
(2) The Boussinesq term in the liquid momentum equation is 

neglected, thereby decoupling the equations for the liquid 
layer. 

(3) The wall temperature is uniform at Tw, and the vapor-liquid 
interface is smooth and is at Tsat (Tw> Tsat> To~). 

(4) The thickness of the velocity boundary layer is assumed to 
be the same as that of the thermal boundary layer. 

The necessary velocity boundary conditions are assumed to 
be the no-slip condition at the wall and at the vapor-liquid 
interface, continuous interracial shear, and stationary bulk 
liquid beyond the boundary of the liquid layer. The full set of 
conditions follows. 

At y =0:  

At y = A :  

At z=6 :  

u~=0 (6) 

Tv = Tw (7) 

uv=u, (8) 

Our ~?ul 
#, ~yy = #, ~ (9) 

T,= T,= La t (10) 

u l=0 (11) 

T, = T~ 02)  

The governing equations may now be solved completely in 
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terms of the unknowns A and ~. The results are 

r,~ = T~-- Ar~.t A (14) 

Figure 1 Physical model and coordinate system for subcooled film 
boiling 
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2 
Z l = Zsa t - -AZsu  b ~ (16) 

where f =  #~/#v and ¢ = fi/A. The model implies linear temper- 
ature and liquid velocity profiles but a quadratic vapor velocity 
profile. 

Next, integral heat balances are performed on the vapor and 
liquid layers, giving 

h~g dx u~pv2nR sin 4) dy 

~r~l OT, I -1 
= 2nR sin ~b - k. - -  + k t - -  / (17) 

gY y=o gz ==o] 

cp, dxx ulpl(Tz-- r~o)2nR sin q~ dz 

=2nR sin q~[-k, 8 Tl ] (18) 
z=O 

Substituting Equations 13-16 into Equations 17 and 18, and 
assuming ~ to be independent of x, yields 

d A3sin2 , f f + ~ ' ~ [  12/.t~k~AT, at 12/~oktAT, ub .]sinq~ 

(19) 

d A3 sin2 (20) 
dx = \  f~2 /\cp,p,o(~_p,)¢ j A 

The solutions to Equations 19 and 20, respectively, are 

( f + ~  [- 16/~.k~R AT~.t 16#.k,RAT,.b]'~ '/'~ 

N o t a t i o n  

b 
C 
Cp 

C1 
C2 
C3 
Co 
C'o 
D 
f 
F1 
F2 
g 
Gro 
h 
hyg 
h~o 

t(¢) 
J 
k 
m 

Nuo 
Pr 
Pr* 
q; 
R 

Parameter defined by Equation 40 
Numerical constant in Equation 46 
Specific heat at constant pressure 
Parameter defined by Equation 27 
Parameter defined by Equation 28 
Parameter defined by Equation 29 
Coefficient in Equation 33, defined by Equation 41 
Coefficient in Equation 47 
Diameter of sphere 
Ratio of viscosity, P,//~v 
Parameter defined by Equation 38 
Parameter defined by Equation 39 
Acceleration due to gravity 
Grashof number, g(Pl-- Pv)PvD3/I~ 
Convective heat transfer coefficient 
Latent heat of vaporization 
Modified latent heat of vaporization, defined by 
Equation 5 
Parameter defined by Equation 23 
Dimensionless parameter defined by Equation 34 
Thermal conductivity 
Dimensionless parameter defined by Equation 36 
Nusselt number, hD/k 
Prandtl number 
Modified Prandtl number, defined by Equation 48 
Local heat flux 
Radius of sphere 

S c 
Sp 
T 
Tsar 
Tw 
T~ 
ATsa, 
aT,.b 
U 
wl 
w: 
X 

Y 
Z 

Dimensionless parameter defined by Equation 37 
Dimensionless parameter defined by Equation 35 
Temperature 
Saturation temperature 
Wall temperature 
Ambient liquid temperature 
Degree above saturation, T . - T ,  at 
Degree of subcooling, Ts. t -  T~ 
Velocity 
Parameter defined by Equation 25 
Parameter defined by Equation 26 
Circumferential direction, as in Figure 1 
Radial direction, as in Figure 1 
Radial direction, as in Figure 1 

Greek symbols 
Volume coefficient of expansion 
Thickness of liquid film 
Thickness of vapor film 
Dynamic viscosity 
Ratio of thicknesses, 6/A 
Density 
Azimuthal angle from sphere bottom 

Subscripts 
l Referring to liquid 
v Referring to vapor 

Overbar denotes average quantity. 
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A :  ].(1¢))ff~_ r 8]ilklR ]~1/4 
L Cmp~g~o - p,)¢ l j  (22) 

where 

l(q~)- (~ sinS/3 ~b dck) 1/4 
sin 2/3 4> (23) 

Equating Equations 21 and 22 produces a cubic equation in ¢, 
which has at least one real root: 

= (W I Jr- wl12) I/3 "l'- (W I -- Wl/2) I/3 - } - -  

where 
=(  3+2c c  + 

w, , 2c, 

[/ C 3 x~ 2 [ C 3 X ~ [  C 2 X~ 3 
14/2= - -  + - -  - -  t,2c,) t,c,)(3c,) 

+ / C ~  ~ 2 C  2 4C22 64C~] 

\ f C 3 J k  3 27fCx 27f23 

12pvk~ AT~a t 
C 1 - 

g(Pi-P~)h~gP~ 

12#~kl ATsu b 
C 2 - 

g(Pl -- p~)h~gp. 

61hkt 
C 3 - 

g(Pi -- pv)cp,Pl 

kt AT~b 

3kv AT,~t 
(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

Turning now to evaluation of the heat transfer coefficient, 
we see that the average heat flux from the sphere surface is 

-,, l f ~ ( 2 ~ R s i n c k ) R d 4 ~ ( _ k ~ T °  
qx - (4nR 2) \ 0y ]y = o// 

'~ sin ~b 
=½kv ATsat fo ~ - d ~ b  (30) 

Hence the average Nusselt number is 

,o (0 )o 
NUD=T--___ 

go ko 

f~s in  q~ ,, =½D ~ a ~ p  (31) 

Substituting Equation 22 into Equation 31 yields 

Nuo=½D(GroPrv)il4r(4D,)(f~_~(kt%vpv)~]-'l" f " s in  q~ 
L \ ~ J\k~c,,p, J l  J0 I(~d~b 

(32) 

By using Equation 24 and rearranging Equation 32, we can 
write Equation 32 in final form as 

Nu ° [- j3 71/4 
C o - -  . 

(GroPr~) ~/4 Lm2pr~Prfi3(1 +J/SpPr,)J (33) 

where 

J = (F~ + bF~12) ~/3 + (F~ - bF~/2)~13 + S~ (34) 
3 

c,, A T,~,t 
S, ,-  hTgPr ~ (35) 

m (P°#~ 1/2 (36) 
= \P t#W 

Sc - cm ATsub (37) 
h~-g 

SS~pr3W, 
F 1  - -  (38) 

f3  

F2 -64S~Pr~W2 (39) 
m4f 6 

b -  m:SpPrz (40) 
8 

Co=2_3/2 I n sin q~ dq~=0.696 (41) 
do 

S p e c i a l  case o f  s a t u r a t e d  b o i l i n g  

The case of saturated film boiling may be regarded as a special 
case of subcooled film boiling, simply by considering only a 
vapor layer around the sphere, as shown in Figure 2. As the 
theory for this case is available in the literature, 5'6 we will 
present only a brief outline here. Equations 1, 2, and 17 are 
applied to the vapor layer, except that in Equation 17 the last 
term, k t ~TJ~z, vanishes. The assumption is that heat is not 
conducted to the saturated liquid beyond the vapo~liquid 
interface. The boundary conditions on the sphere surface, 
Equations 6 and 7, remain the same. However, the boundary 
conditions on the vapor-liquid interface may be specified, for 
the simplest cases at y =  A, as 

uv = 0 (42) 

o r  

Our=0 (43) 
gy 

and 

Tv = Tsa t (44)  

Equation 43 may be interpreted as a zero shear condition or 
a constant velocity condition. The solution to the set results in 
a linear temperature profile and two possibilities of a quadratic 

SPHERE - ~  
ot 

1 
Figure 2 Model for saturated film boiling 
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velocity profile. The solution is identical to two of the four 
cases mentioned in Farahat and Nasr. 6 There, two additional 
cases are based on the assumption of a quadratic temperature 
profile, specified in the present formulation by the alternative 
boundary condition that, at y = A, 

OTv=o (45) 
Oy 

The profiles for the four cases are given in the Appendix. 
From the heat balance relation (modified Equation 17), we 

can now solve for the vapor thickness: 

A [_ clt,,k,, AT~tR 71/4 = / - - ~  / l (q~)  (46) 
Lg(p,- P~)h yaP d 

where c takes on values of 16, 32, 4, and 8 for cases (a), (b), 
(c), and (d), respectively, as defined in the Appendix; I(th) is as 
defined in Equation 23. 

The average heat flux and average Nusselt number may now 
be obtained by the same procedure as in Equations 30 and 31. 
Using Equation 46, we get the final form: 

Nuo = C'o(GroPr*)X/4 (47) 

where 

Pr* - (Prv)(Zh~g) (48) 
Cpo A Tsa t 

and where C'o takes on values 0.492, 0.828, 0.696, and 1.170, 
respectively, for the four cases. These values of C'o are different 
from those reported in Farahat and Nasr, 6 as the method of 
averaging the Nusselt number is different there. 

C o m p a r i s o n  w i t h  e x p e r i m e n t a l  d a t a  

Comparison of theoretical results with experimental data is 
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shown in Figures 3 and 4, where for clarity the range of 
experimental results for each set of film boiling is represented 
by a line connecting two identical symbols. As the usual 
quenching method is used for obtaining the boiling curves, the 
upper (right-hand side) symbol represents the start of film 
boiling, and the lower symbol represents the minimum film 
boiling point. 

Figure 3 shows the comparison of subcooled data with 
Equation 33. The water data 9 are obtained by quenching a 
30-mm-diameter silver sphere in water at six temperatures over 
a subcooling range of 80 K. By virtue of the high thermal 
conductivity of silver, the sphere may be regarded as a lumped- 
heat-capacity system, with its uniform temperature measured 
by a thermocouple. The heat transfer coefficient and hence the 
Nusselt number so calculated from the temperature versus 
time-quenching curve is thus recognized as an average value 
for the sphere. Agreement with Equation 33 is good, especially 
with AT,,b greater than 20 K. 

Two sets of data for Freon-12 were obtained in our laboratory 
by quenching copper spheres of diameters 20 mm and 25 mm, 
respectively, into Freon-12 at seven temperatures over a sub- 
cooling range of 70 K. These data generally lie farther from the 
Equation 33 line than do the water data. For both the water 
and Freon-12 data, estimation of radiative losses indicates that 
they are negligible, and hence no correction is made on the raw 
data. Also shown in Figure 3 are the Freon-11 data from Shih 
and E1-Wakil, 11 where subcooled boiling was carried out for 
a 3.175-mm brass sphere at five temperatures over a subcooling 
range of 20 K. They scatter above the theoretical line as much 
as the Freon-12 data. 

Interestingly, the theoretical line forms the lower limit to all 
the data, suggesting that the model gives a conservative estimate 
of the film boiling heat loss. The upper bound of the data is at 
a Co value of about 1.6, as indicated by the dashed line in 
Figure 3, compared to about 0.7 in Equation 41. 
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Figure 3 Companson of subcooled data with Equation 33 
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Turning now to Figure 4, we obtained experimental data for 
saturated boiling in Freon-12 and Freon-22 in our laboratory 
for six copper spheres with diameters ranging from 10mm to 
40 mm. Compared to the four lines representing the four cases 
of analysis, all the data lie between cases (b) and (d), except 
for the three sets that fall above the case (d) line. Other published 
data in Figure 4 are data from Shih and El-Wakil 11 for smaller 
spheres quenched in Freon-11, as well as a collection of data 
from Farahat and Nasr, 6 which are based on a survey of 
investigators12 17 using liquid nitrogen as the boiling fluid. 
Most of the data lie within the zone defined by the lines for 
cases (a)-(d), with a gradual shift from case (a) to case (d) as 
the heat transfer coefficient increases. This shift seems to support 
a power of ½ instead of ¼ for (GroPr*), as was concluded 
empirically 6 for the nitrogen data alone. 

With respect to theory, accomplishing an analytical solution 
required many simplifying assumptions. We do not imply that 
the neglected effects, as well as other effects such as turbulence, 
properties of the boiling surface, surface tension, system pressure, 
or the vapor plume are unimportant in pool film boiling (e.g., 
see references 9, 10, and 16). Nevertheless, the analytical 
solutions do give some understanding of the roles played by 
the participating parameters in subcooled film boiling. The 
results seem encouraging enough to warrant further investi- 
gations of modeling to consider inclusion of other effects. 

C o n c l u s i o n s  

Further refinement of the analytical derivations for pool film 
boiling based on stated simplifications has been presented. 

From comparison with experiments, Equation 33 seems to 
bracket selected data well for subcooled boiling, with the 
coefficient Co taking the range from the theoretically derived 
value of about 0.7 to an empirical upper limit of 1.6. For 
saturated boiling, the four cases of Equation 47 cover most of 
the data, although further investigation is warranted because 
none of the four cases satisfies the data completely. 
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Appendix 
Profiles for the four cases in saturated boiling 

• Case (a)--Boundary Conditions (Equations 6, 7, 42, and 44): 

A20(p,_p~)sin#P[A ( y ) 2 ]  (A.1) 

u~ - 2Pv - 

ATs,tY 
To = r w - - - -  (a.2) 

A 

• Case (b)--BoundaryConditions (Equations6, 7,43, and44): 

A2g(P'--P~)sin~[ ( A )  ( y ) 2 ]  (A.3) 
u ~ -  2 - 

2pv 

A T~=y 
Tv = Tw - - -  (A.4) 

A 

• Case (c)--Boundary Conditions (Equations 6, 7, 42, and 45): 

A20(pt_p~)sind?Iy ( y ) 2 ]  (A.5) 

uo- 21,o X-  X 

(7  Tv=ATsat 1-- S +Ts,,, (A.6) 

• Case (d)--Boundary Conditions (Equations 6, 7, 43, and45): 

(7  Tv=ATs, , 1 - A  +Tsat (A.8) 

Int. J. Heat and Fluid Flow, Vol. 11, No. 2, June 1990 159 


